A new damage index, called strain change based on flexibility index (SCBFI), is introduced to locate damaged elements of truss systems. The principle of SCBFI is based on considering strain changes in structural elements, between undamaged and damaged states. The strain of an element is evaluated using the columnar coefficients of the flexibility matrix estimated via modal analysis information. Two illustrative test examples are considered to assess the performance of the proposed method. Numerical results indicate that the method can provide a reliable tool to accurately identify the multiple-structural damage for truss structures.
Introduction
Structural damage detection has a great importance in civil engineering. Neglecting the local damage may cause the reduction of the functional age of a structural system or even an overall failure of the structure. Therefore, damage detection is an important issue in structural engineering. The basis of many damage identification procedures is observing the changes in structural responses. Damage reduces structure's stiffness and mass, which leads to a change in the static and dynamic responses of the structure. Therefore, the damage detection techniques are generally classified into two main categories. They include the dynamic and static identification methods requiring the dynamic and static test data, respectively. Because of the global nature of the dynamic responses of a structure, techniques for detecting damage based on vibration characteristics of structures have been gaining importance.
Presence of a crack or localized damage in a structure reduces its stiffness leading to the decrease of the natural frequencies and the change of vibration modes of the structure [1] [2] [3] . Many researchers have used one or more of these characteristics to detect and locate the structural damage. Cawley and Adams [4] used the changes in the natural frequencies together with a finite element model to locate the damage site. Although it is fairly easy to detect the presence of damage in a structure from changes in the natural frequencies, it is difficult to determine the location of damage. This is because damage at two different locations associated with a certain amount of damage may produce the same amount of frequency change. Furthermore, in the case of symmetric structures, the changes in the natural frequencies due to damage at two symmetric locations are exactly the same. There is thus a need for a more comprehensive method of damage assessment in structures. To overcome this drawback, mode shapes have been used for identifying the damage location [5, 6] . Displacement mode shapes can be obtained by experimental tools but an accurate characterization of the damage location from these parameters requires measurements in many locations. Therefore, using the changes in mode shapes between damaged and undamaged structures may not be very efficient. Mannan and Richardson utilized the frequency response function (FRF) measurements for detecting and locating the structural cracks [7] . Pandey and Biswas used the change in flexibility matrix to detect damage in a beam [8] . Raghavendrachar and Aktan calculated the flexibility matrix based on mode shapes and demonstrated the advantages of using the flexibility compared to the mode shapes [9] . The influence of statistical errors on damage detection based on structural flexibility and mode shape curvature has been investigated by Tomaszewska [10] . The generalized flexibility matrix change to detect the location and extent of structural damage has been introduced by Li et al. [11] . Compared with the original flexibility matrix based approach, the effect of truncating higher-order modes can be considerably reduced in the new approach. A method based on best achievable flexibility change with capability in detecting the location and extent of structural damage has also been presented by Yang and Sun [12] . A method for structural damage identification based on flexibility disassembly has also been proposed by Yang [13] . The efficiency of the proposed method has been demonstrated by numerical examples. A flexibility based damage index has been proposed for structural damage detection by Zhang et al. [14] . Example of a 12-storey building model illustrated the efficiency of the proposed index for successfully detecting damage locations in both the single and multiple damage cases. The flexibility matrix and strain energy concepts of a structure have been used by Nobahari and Seyedpoor [15] in order to introduce a damage indicator for locating structural damage.
In this paper, a new index for structural damage detection is proposed. The principle of the index is based on comparison of structural element's strains obtained from two sets related to intact and damaged structure. The calculation of the strain is based on a flexibility matrix estimated from modal analysis information. Taking advantage of highly converged flexibility matrix using only few vibration modes related to low frequencies in the first phase and then determining the elemental strain using the flexibility coefficients develop a robust tool for damage localization of truss structures.
Structural Damage Detection
In recent years, many damage indices have been proposed to identify structural damage. In this paper, a number of widely used indices are first described and then the new proposed damage index is introduced.
Modal Assurance Criterion (MAC) and Coordinate Modal Assurance Criterion (COMAC).
Based on the basic modal parameters of structures such as natural frequencies, damping ratios, and mode shapes, some coefficients derived from these parameters can be useful for damage detection. The MAC and COMAC factors [16] may be mentioned in this category. The factors are derived from mode shapes and express the correlation between two mode shapes obtained from two sets. Sufficient number of degrees of freedom (number of measurement points) are needed here to attain good accuracy.
Let [ ] and [ ] be the first and second sets of measured mode shapes in a matrix form of size × and × , respectively. and are the numbers of mode shapes considered in the respective sets and is the number of measurement points. The MAC factor is then defined for the mode shapes and as follows: The COMAC factors are generally used to identify where the mode shapes of the structure from two sets of measurements do not correlate. If the modal displacements in a coordinate from two sets of measurements are identical, the COMAC factor is close to 1 for this coordinate. A large deviation from unity can be interpreted as damage indication in the structure. For the coordinate of a structure using mode shapes, the COMAC factor is defined as follows:
In practice, only a few mode shapes of a structure can be measured. As a result, a method capable of predicting structural damage that requires a limited number of mode shapes would be more efficient.
Flexibility Method.
It has been proved that the presence of damage in a structure increases its flexibility. So, any change observed in the flexibility matrix can be interpreted as a damage indication in the structure and allows one to identify damage [17] . Therefore, another class of damage identification methods is based on using the flexibility matrix. The flexibility matrix is the inverse of the stiffness matrix relating the applied static forces { } to resulting structural displacements { } as
The flexibility matrix can be also dynamically measured from modal analysis data. The relationship between the flexibility matrix and the dynamic characteristics of a structure can be given by [15, 17] :
where [ ] is the mode shape matrix;
) is a diagonal matrix; is the th circular frequency; is the mass-normalized th mode shape of the structure; and nm is the number of measured modes.
From (4), one can see that the modal contribution to the flexibility matrix decreases as the frequency increases. On the other hand, the flexibility matrix converges rapidly with the increase of the values of the frequencies. Therefore, from only a few of lower modes, a good estimate for the flexibility matrix can be achieved.
Shock and Vibration 3
The principle of flexibility method is based on a comparison of the flexibility matrices from two sets of mode shapes. If ℎ and are the flexibility matrices corresponding to the healthy and damaged states of the structure, a flexibility change matrix Δ can be defined as the difference of the two matrices:
For each degree of freedom, let be the maximum absolute value of the elements in the corresponding column of Δ :
where are the elements of Δ . In order to identify damage in the structure, the quantity can be used as a damage indicator [17] .
Modal Strain Energy Based Method.
The methods based on modal strain energy of a structure have been commonly used in damage detection [17] [18] [19] . Since the mode shape vectors are equivalent to nodal displacements of a vibrating structure, therefore in each element of the structure strain energy is stored. The strain energy of a structure due to mode shape vectors is usually referred to as modal strain energy (MSE) and can be considered as a valuable parameter for damage identification. The modal strain energy of eth element in th mode of the structure can be expressed as [19] :
where is the stiffness matrix of th element of the structure and is the vector of corresponding nodal displacements of element in mode . A normalized form of MSE considering vibrating modes of the structure proposed in [19] can be given as
The damage occurrence increases the MSE and consequently the efficient parameter mnmse . So, by determining the parameter mnmse for each element of healthy and damaged structures, an efficient indicator for identifying the damage in the element can be defined [19] .
The Proposed Strain Change Based on Flexibility Index (SCBFI)
In this study, a new damage detection index based on considering strain changes in a structural element, due to damage, is developed. The new index SCBFI proposed is capable of identifying and locating the multiple-structural damage in truss structures. The principle of the new index is based on evaluating the changes of strain in structural elements, but the method of computing the strain is completely different from the usual methods. The nodal displacement vector used for computing the strain obtains from the flexibility matrix of the structure. Moreover, the flexibility matrix is determined from modal analysis information including mode shapes and natural frequencies. Taking advantage of rapid convergence of the flexibility matrix in terms of the number of vibration modes helps the proposed index to identify the structural damage with more efficiency and lower computational cost. As the first step for constructing the proposed damage index, a modal analysis is required to be performed. The modal analysis is a tool to determine the natural frequencies and mode shapes of a structure [20] . It has the mathematical form of
where and are the stiffness and mass matrices of the structure, respectively. Also, and are the th circular frequency and mode shape vector of the structure, respectively.
At the second step, the flexibility matrix of healthy and damaged structure (FMH, FMD), related to the dynamic characteristics of the healthy and damaged structure, can be approximated as
where ℎ and are the th circular frequency of healthy and damaged structure, respectively; ℎ and are the th mode shape vector of healthy and damaged structure, respectively; and is the number of vibrating modes considered. It can be observed that all components of the mode shapes are required to be measured and it is not a realistic assumption for operational damage detection. However, for actual use of the suggested method, it is not needed to measure the full set of mode shapes. The mode shapes of the damaged structure in partial degrees of freedom are first measured, and then the incomplete mode shapes are expanded to match all degrees of freedom of the structure by a common technique such as a dynamic condensation method [21] .
Since each column of the flexibility matrix represents the displacement pattern of the structure, associated with a unit force applied at the corresponding DOF of that column, therefore they can be used as nodal displacements to calculate the strains of structural elements. The strain of each element of a 2-D truss structure can be expressed as [22] :
where is the strain of truss element, is the length of element, is the angle between local and global coordinates, and = { 1 , 1 , 2 , 2 } is the nodal displacement vector of the element. So, at the next step, the strain of eth element for th column of healthy and damaged structure based on the columnar coefficients of the flexibility matrix can be determined as
where SMH is the strain of th element related to th column of FMH; SMD is the strain of th element related to th column of FMD; { ℎ } and { } are the nodal displacement vectors of th element, associated with the th column of flexibility matrix for healthy and damaged structure, respectively; is the angle between local and global coordinates of th element, and is the length of th element. Now, the strain change matrix SCM can be defined as the difference between the strain matrix of damaged structure SMD and the strain matrix of healthy structure SMH as
The th row of SCM matrix represents the strain changes of th element of structure for unit loads applied at different DOFs of the structure. The SCBFI index can now be defined as a columnar vector containing the absolute mean value of each row of SCM matrix given by
where is the number of columns in the flexibility matrix that is equal to the total degrees of freedom of the structure and is the total number of truss elements. Theoretically, damage occurrence leads to increasing the SCM and consequently the index SCBFI . As a result, in this study, by determining the parameter SCBFI for each element of the structure, an efficient indicator for estimating the presence and locating the damage in the element can be defined. Assuming that the set of the damage indices SCBFI ( = 1, 2, . . . ) represents a sample population of a normally distributed random variable, a normalized damage index can be defined as follows:
where mean(SCBFI) and std(SCBFI) represent the mean and standard deviation of the vector of damage indices, respectively. In order to obtain a more accurate damage extent for an element, the damage indicator of (15) needs to be further scaled as
where ‖ ⋅ ‖ symbolizes the magnitude of a vector. The process of constructing the SCBFI index can also be briefly shown in Figure 1 . 
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Test Examples
In order to show the capabilities of the proposed method for identifying the multiple-structural damage, two illustrative test examples are considered. The first example is a 31-bar planar truss and the second one is a 47-bar planar truss. The effect of measurement noise on the performance of the method is considered in the first example.
Thirty-One-Bar Planar
Truss. The 31-bar planar truss shown in Figure 2 selected from [23] is modeled using the conventional finite element method without internal nodes leading to 25 degrees of freedom. The material density and elasticity modulus are 2770 kg/m 3 and 70 GPa, respectively. Damage in the structure is simulated as a relative reduction in the elasticity modulus of individual bars. Five different damage cases given in Table 1 are induced in the structure and the proposed method is tested for each case. Figures 3, 4, 5, 6 , and 7 show the SCBFI value with respect to element number for damage cases 1 to 5 when one to four mode shapes are considered, respectively.
It can be observed that the new index achieves the actual site of damage truthfully in most cases. It is also revealed that the general configuration of identification charts does not change after considering more than two modes. It means that the elements detected as damaged elements will be constant via increasing the measured mode shapes. Thus, requiring only two mode shapes for damage localization is one of the most important advantages of the proposed index.
Forty-Seven-Bar Planar Power Line
Tower. The 47-bar planar power line tower, shown in Figure 8 , is the second example [24] used to demonstrate the practical capability of the new proposed method. In this problem, the structure has forty-seven members and twenty-two nodes and is symmetric about the -axis. All members are made of steel, and the material density and modulus of elasticity are 0.3 lb/in.
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and 30,000 ksi, respectively. Damage in the structure is also simulated as a relative reduction in the elasticity modulus of individual bars. Four different damage cases given in Table 2 are induced in the structure and the performance of the new index (SCBFI) is compared with that of an existing index (MSEBI) [19] . Figures 9, 10 , 11, and 12 show the SCBFI and MSEBI values with respect to element number for damage cases 1 to 4 when considering 1 to 4 modes, respectively. It is observed that the new proposed index can find the actual site of damage truthfully. Moreover, the general configuration of identification charts dose not change when more than 3 structural modes are considered. It means that the elements identified as the damaged elements will be constant via increasing the mode shapes. Thus, requiring only three vibration modes for damage localization is one of the most important advantages of the proposed index that is due to high convergence of the flexibility matrix. Moreover, the comparison of the SCBFI with MSEBI index in Figures 9 to   12 demonstrates the same efficiency of the proposed index for damage localization with respect to MSEBI.
Analysis of Noise Effect.
In order to investigate the noise effect on the performance of the proposed method, the measurement noise is considered here by an error applied to the mode shapes [24] . Figures 13, 14, and 15 show the mean value of SCBFI after 100 independent runs for damage cases 1 and 2 of 31-bar truss using 3 mode shapes when they randomly polluted through 1%, 2%, and 3% noise, respectively.
It can be seen from the Figures 13 and 14 , the index can localize the damage accurately when 1% and 2 % noise, respectively are considered; however, the identification results of the method for 3% noise are not appropriate.
Conclusion
An efficient damage indicator called here as strain change based on flexibility index (SCBFI) has been proposed for locating multiple damage cases of truss systems. The SCBFI is based on the change of elemental strain computed from the flexibility matrix of a structure between the undamaged structure and damaged structure. Since the flexibility matrix used in the calculation of elemental strains converges rapidly with lower frequencies and mode shapes, it will be useful in decreasing the computational cost. In order to assess the performance of the proposed method for structural damage detection, two illustrative test examples selected from the literature have been considered. The numerical results considering the measurement noise demonstrate that the method can provide an efficient tool for properly locating the multiple damage in the truss systems while needing just three vibration modes. In addition, according to the numerical results, the independence of SCBFI with respect to the mode numbers is the main advantage of the method for damage identification without needing the higher frequencies and mode shapes which are practically difficult and experimentally limited to measure.
